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Considered system

In this talk, we consider an initial boundary value problem for the
linear wave equation reading as

(P) ©u(x,1) — @u(x, 1) = 0in )0, L[]0, 400,

where (x,7) € (0,L) x (0,+00). This system is subject to the boundary
conditions

@(Oat) =0, in ( )
m@u(L, 1) + ¢x(L, 1) = =797 p(L,t)  in (0, +00)

where m > 0 and v > 0.
The problem (P) describes the motion of a pinched vibration cable
with tip mass m > 0.



Considered system

The notation ;" stands for the generalized Caputo’s fractional
derivative of order o with respect to the time variable. It is defined as
follows

@ l ! —a — - dW
(9, ’nW(t) = mé (t_S) e 4G )E(S) dS, n Z 0.

The system is finally completed with initial conditions
CP(X, O) = QD()(X), cpt(xv 0) = Qol(x)a

where the initial data (o, ¢1) belong to a suitable Sobolev space.



Physical interpretations

The boundary feedback under the consideration are of fractional type
and are described by the fractional derivatives

l t
o7 Mw(t) = F(]_00/0 (t— s)faefn(’ﬂ)%(s) ds, n>0.
The order of our derivatives is between 0 and 1. Very little attention
has been paid to this type of feedback. In addition to being nonlocal,
fractional derivatives involve singular and nonintegrable kernels
(r~*,0 < a < 1). This leads to substantial mathematical difficulties
since all the previous methods developed for convolution terms with
regular and/or integrable kernels are no longer valid.

It has been shown that, as 0;, the fractional derivative 9 forces the
system to become dissipative and the solution to approach the
equilibrium state. Therefore, when applied on the boundary, we can
consider them as controllers which help to reduce the vibrations.



Physical interpretations

Boundary dissipations of fractional order or, in general, of convolution
type are not only important from the theoretical point of view but also
for applications. They naturally arise in physical, chemical, biological,
ecological phenomena . They are used to describe memory and
hereditary properties of various materials and processes. For
example, in viscoelasticity, see for example the early work of

¢ R. L. Bagley and P. J. Torvik, A theoretical basis for the
application of fractional calculus to viscoelasticity, J. Rheology.
27 (1983), 2011210.

¢ R. L. Bagley and P. J. Torvik, On the appearance of the
fractional derivative in the behavior of real material, J. Appl.
Mech. 51 (1983), 294-298.

In our case, the fractional dissipations may describe an active
boundary viscoelastic damper designed for the purpose of reducing
the vibrations.
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Augmented model

To reformulate the model (P) into an augmented system, we need the
following claims.

Let i be the function :

u(€) = 6|2 D2 —o < €< 400, 0<a< 1.

Then the relationship between the ‘input’ U and the ‘output’ O of the

system
FP(E D) +(E+me(&,1) = UM =0, —oo <& < +o0,n>0,1>0,
$(£,0) =0,
+oo
0(6) = (m) " sin(am) [ u(e)oe.)de
is given by




System (P) may be recast into the augmented model :

O — P = 0,
8;@1)(5, t) + (52 + 77)(25(57 t) - 901(['7 t)/u(g) =0,
50(07 t) =0,

—+o0
mpulL, 8) + oL 2) = —(x)~" sin(ar) / W)€ 1) de,
©(x,0) = wo(x), i(x,0) = @1 (x).



Energy function

1 1 e
E@W) = 3l + 3 lesl3 + S oL, )P + 3 (@) sinam) / (6(6,1))° de.



Dissipation of (P)

“+o0
B() = ~(m) sin(am)y [ (€ + m)(ol€ 1) dg <o

We have E’ < 0, and then the system (P) is dissipative, where the

dissipation is guaranteed by the finite memory term.

If v = 0 (no memory term in (P)), then E = E(0), and therefore (P) is

conservative.
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Well-posedness

Let U = (¢, 1, 6,v)T,v = ¢,(L). (P') is equivalent to

{U’ = AU,
U(O) = (@07 @l7¢07v0)a



Well-posedness

(o, u, 0, v)TINH : o € H*(0,L) N H}(0,L),u € H'(0,L),v €,
D(A) = {—(52 +1)¢ + u(L)p(€) € L* (=00, +00),u(L) = v, }
|€l¢ € L?(—00, +00)

(@)

where, the energy space H is defined as
H =H}(0,L) x L*(0,L) x L*(—o0, +00) xC.

For U = (p,u,¢,v)T, U = (3,1, ¢,v)", we define the following inner
product in H

L “+o00 _
(U, Ty = /0 (it + o) di+C [ GBde+mwv,

— 00



Well-posedness

The operator A generates a Cy- semigroup in #. In this step, we
prove that the operator A is dissipative. Let U = (p,u, ¢,v)’. Using
the fact that ]

E(0) = 511U, 3)
we get

+oo
(AU, Uy = —C / (€ + n)($(6)) de (4)

Consequently, the operator A is dissipative. Now, we will prove that
the operator A\l — A is surjective for A > 0. For this purpose, let
(fi,fo,15.12)" € H, we seek U = (¢, u, ¢,v)T € D(A) solution of the
following system of equations



Well-posedness

)‘90 —u=f,
Au — Oxx :fZa
Ap+ (& +n)¢ — u(L)u() =1, (5)

v de@+§ [ u©o©de =
Problem (5) is equivalent to the problem
a(p,w) = L(w) (6)

where the bilinear form a : H}(0,L) x H}(0,L) — R and the linear
form L : H}(0,L) — R are defined by



Well-posedness

alp, )Z/L(A W+ pawy) dx + A(Am + C)p(L)w(L)

/(fz+/\f1 wdx—(/ £2+n+)\ )d€ w(L)
(/\m+C)1( Jw(L) + mfaw(L

1 (€)
oo §2+77+>\

where ¢ = (7)"!sin(ar)y and ¢ = C/ d€.



Well-posedness

It is easy to verify that a is continuous and coercive, and L is
continuous. So applying the Lax-Milgram theorem, we deduce that for
all w € H.(0, L) problem (6) admits a unique solution ) € H.(0,L).
Applying the classical elliptic regularity, it follows that ¢ € H?(0,L).
Therefore, the operator \I — A is surjective for any A > 0.
Consequently, using HilleiYosida theorem, we have the following
results.

Theorem (Existence and uniqueness)
(1) IfUy, € D(A), then system (1) has a unique strong solution
UecC'(R.,D(A)NCY(R,,H).
(2) IfUy € H, then system (1) has a unique weak solution

UecC(Ry,H).
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Lack of exponential stability

Theorem

The semigroup generated by the operator A is not exponentially
stable.

Proof : We will examine two cases.

e Case 1 77 = 0 : We shall show that i\ = 0 is not in the resolvent set
of the operator A. Indeed, noting that (sinx,0,0,0)” € #, and
denoting by (¢, u, ¢,v)T the image of (sinx,0,0,0)” by A~!, we see
that ¢(¢) = €)™ sin L. But, then ¢ ¢ L?(—o0, +00), since o €]0, 1.
And so (¢, u, ,v)T & D(A).

e Case 2 5 # 0 : We aim to show that an infinite number of
eigenvalues of A approach the imaginary axis which prevents the
wave system (P) from being exponentially stable. Indeed We first
compute the characteristic equation that gives the eigenvalues of A.
Let A be an eigenvalue of A with associated eigenvector

U = (p,u,¢,v)T. Then AU = \U is equivalent to



Ap —u=0,
Au— e =0,
)\¢+(£2+77) ) =0, ()

+oo
Av + ! gox C / £)de=0
From (7); — (7)2 for such )\, we find
)‘290 — o = 0. (8)

Since v = u(L), using (7); and (7)4, we get

<>\+</oo €2+/\+ ) (L)JF%%(L)
= (A + 2O+ de(w) + %g@x(L) —o.
9)



The solution ¢ is given by

2
px) =Y e, n=X n=-A (10)
i=1

Thus the boundary conditions may be written as the following

system :
e~ (e o) (@) =) o

where we have set
1 2, 7 a—1
h(r) = —r+ X+ =AM +n)*"".
m m

Hence a non-trivial solution ¢ exists if and only if the determinant of
M()\) vanishes. Set f(\) = dertM()\), thus the characteristic equation is

f(A) =0.



There exists N € N such that
{ Mtz k>n C o(A) (12)
where

km 1 a B 1 i
A=\ k| > N,aciR
k l(L +rnk7r) +k37a -+ |k|370‘ +0<k3a)7| |_ NOASH] o ¥

with

Y ™
b= e sl — )7

Moreover for all |k| > N, the eigenvalues )\ are simple.

The operator A has a non exponential decaying branch of
eigenvalues.
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Asymptotic behavior

Theorem (Borichev-Tomilov)

Let S(t) = e be a Cy-semigroup on a Hilbert space. If

iR C p(A) and sup (BI — A) e <M

PG ||
for some I, then there exist ¢ such that

C
e Ty < ;HUOHD(.A)

Theorem (Arendt-Batty)

Let A be the generator of a uniformly bounded C,. semigroup
{8(#)}:>0 on a Hilbert space H. If :

(i) A does not have eigenvalues on iR.

(il) The intersection of the spectrum o(A) with iR is at most a
countable set,

then the sem/group {S(2) };>0 Is asymptotically stable, i.e,

"o/ .\ || Y o~ o e mimts  o—TT




We have

iR C p(A) ifn 0,
iR* C p(A) ify =0

where R* = R — {0}.
Proof

Let A € R. Let F = (f1,/,5.f3)T € H be given, and let
X = (p,u,¢,v)T € D(A) be such that

(iM — A)X = F. (13)
Equivalently, we have
i —u=fi,
iu— o = fo,
iAp + (€2+n)¢—u(ﬁ)u(£) =f, (14)

P+ L) + & [ H()(€) de = f,

o0



From (14), and (14),, we have

)\ZSD + Pxx = —(fz + l)\fl)

with ¢(0) = 0. Suppose that A # 0. Then

o(x) = ¢y sin Ax — % /Ox(fz(a) + iMi(0)) sin A(x — o) do, (15)

ox(x) = c1Acos Ax — /x(fz(a) + iXMi(0)) cos A(x — o) do. (16)
0
From (14); and (14)4, we have

u(L)p(€) +5(E)
IN+E+n

) ¢ [T pAg) l C oo
(le/_oo iA+£2+nd§> m / zA+§2+n e =Ja
(17)

P(§) =



Since

C +oo u2(§) _1 . a—1
E/_oo nresn®" el o),

and
u(L) = ixp(L) = fi(L),
using (15), (16) and (17), we get

L
Ac {il sin AL + %cos )\L} =J+If(L) + il/ (fo(o) +iM1(0)) sin \(L — o) do
0

_|_l /L(fz(o') + iMi(o)) cos \(L — o) do
m Jo

(18)
where -
I = i)\—i—%(i)\—i—n)a_l,

+oo
_ < 1(€)f(€)
R VN =



1
g(A) = ilsin AL+ -~ cos AL
1
= —Asin AL+ -~ cos AL + il(i)\ +n)* sin AL
m
1 o —
= —ASinAL+ —cos AL + L (A2 + 72)°T sin(1 — a)@sin AL
m m
—I-il()\2 +177)*T cos(1 — a)fsin AL
m
where 6 €] — w/2, 7/2[ such that

n

/AZ_;’_T]Z
sinf = 2
/)\2 +n2

cosf =

It is clear that
g\ #0 VYAER.

Hence i\ — A is surjective for all A € R*.



Now, if A = 0 and n # 0, the system (14) is reduced to the following
system

u=—fi,

Pxx = _f27

(& +m¢ —uL)u(é) = f3, (19)

oo

Lo +$ [ uese a=n

— 00

We deduce from (19),

o= [ ) / fa(r)drds + Cx.

From (19)4, (19); and (19)4, we have

Y 1 7 ¢ u@)f(8)
L@+ el =fi- = [ AR
We find
t o T w(€)fs(€
C:/o fo(r)dr+m lfl(L)+mf4*C[m Méz)—i(n)dé

Hence A is surjective.



Lemma
Let A* be the adjoint operator of A. Then

—u
%
= —(E+ )¢ —u(L )u(&) (20)

o)+ / ©)6(6)d

= S = 6

with domain

—(&2 + ) — u(L)p(§) € L*(—o0, +00),u(L) = v

(o, u,6,v)T inH : ¢ € H*(0,L) N H}(0,L),u € H}(0,L),v €C
(A") =
|€|¢ € L?(—o0, +00)

(21)

v




a.(A) = 0, where o,(A) denotes the set of residual spectrum of A.

Proof

Since A € 0,(A), X € 0,(A*) the proof will be accomplished if we can
show that ¢,(A) = 0,(A*). This is because obviously the eigenvalues
of A are symmetric on the real axis.



Casen#0

The semigroup S.4(1),-, is polynomially stable and

1
ISa(t)Usll3 < WHUOHD(A)-

Proof
We will need to study the resolvent equation (iA\ — A)U = F, for

A € R, namely

i —u=fi,
it — o =1,
iXp+ (6% + )¢ — u(l;)u(ﬁ) = f3, (22)

vt o)+ § [ ue)s(e)de =,
where F = (fi,f,/,f:)!. Taking inner product in # with U and using

(4) we get
[Re{AU, U)| < || U|l3||F |- (23)



I'nis implies that

+oo
¢ [ €+ nole. 0 e < 10Tl (24)
and, applying (22);, we obtain
[Nl = R @)P < |w(L)
We deduce that
IAPlo(L)? < (L)) + clu(L)]*.
Moreover, from (22),, we have
+oo
px(L) = —imAu(L C/ &) d€ + mfy.

Then
2
lox(L)[* < 2m? | APu(L)[* 4 2m*f} + 2¢?

“+oo
/ H(€)B(€) de
+oo -

+oo
<mmwmwmﬂhx{1 WHWW@MQA (& + e
< 2 AR + e Ul Fll 4+ STFIR,
(25)



From (22)3, we obtain
u(L)u(€) = (ix + & +n)d — f3(£). (26)
By multiplying (26); by (i\ + &% + 7)™ u(€), we get
(A +& +m) " u(L)p(€) = (€ — A+ +n) " w@fE)-  (27)

Hence, by taking absolute values of both sides of (27), integrating
over the interval | — oo, +o0o[ with respect to the variable ¢ and
applying Cauchy-Schwartz inequality, we obtain

Su(L) < U (/_:0@2 + n>|¢|2d§>é +v ( :O tﬁ(ﬁ)ﬁd&); (28)



where

+oo
5 / (Al + € + )Y u(€) P e
+oo 2
U- ( [ e +n)1|u(£)l2d€)

v={/"nrernera)

Thus, by using again the inequality 2PQ < P> + Q?,P > 0,0 > 0, we
get

syt <20 ( [ :0@2 +lofac) +2v ( :O O de).

) (29)
We deduce that

u(L)P < AP U 3l Fllae + el F 13- (30)



Let us introduce the following notation

To(a) = [u(@)* + |ex(a)]®

Lemma

Letq € H'(0,L). We have that

(L) = [aZ,]5 + R (31)

where R satisfies
IR| < CEL(L) + llg"/*FI[3,-

for a positive constant C.




Proof
To get (31), let us multiply the equation (22), by ¢, Integrating on
(0, L) we obtain

L L L
i\ / uqp, dx — / PxxgPy dx = / g, dx
0 0 0
or
L L L
_/ MCI(D‘@x) dx—/ Q@xxaxdx:/ f2q¢xdx'
0 0 0

Since iAp; = u, + fi, taking the real part in the above equality results
in

I/L d\ |*d l/L d| |* dx Re/Lf dx+Re/L qf |, dx
—= —|u|"dx — = — |x = . ugf . dx.
2 Jo qu 2 Jo qu<'0 0 A 0 :

Performing an integration by parts we get

/0 46U + [ox(s)P] ds = [gT, )% + R



where . .
R = 2Re/ hqp, dx + 2Re/ uqf, dx.
0 0

If we take g(x) = [; " ds = <= (Here n will be chosen large

n

enough) in Lemma 5.3 we arrive at

Ep(L) = q(L)I,(L) +R. (32)

Also, we have

R < / ) () + ox(s) P ds + / a0 (AP + fiels) P) ds

I 0
eln

2 C/
< C7||FH7-L + ;5«:(14)
(33)
Using inequalities (32) and (33) we conclude that there exists a
positive constant C such that
L
/ T,(s)ds < CT, (L) + C'|F. (34)
0

provided n is large enough.



Since that

+oo +oo
/_ (¢(€))* d€ < C/ (€ +m)(0(€))* d€ < Cl|U I3[ Fl3¢-

Substitution of inequalities (25)and (30) into (34) we get that
U153, < COA2* + P72 + DI UlllIFlla + € (IA2 + DIIF5,

So we have
[Ull2 < CIAI*2||F 3.

The conclusion then follows by applying the Theorem 4.
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