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The heat equation

Ω open bounded set in Rd,
∂tu−∆u = 0 in Ω× (0, T ) ,

u = 0 on ∂Ω× (0, T ) ,
u (·, 0) = u0 ∈ L2 (Ω) ,

‖u (·, t)‖L2(Ω) ≤ e−λ1t ‖u0‖L2(Ω)
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Goal: To have a better decay rate by a feedback control.
Constraints:

* To act on ω × (n+ 1)T for any n ∈ N;
* Sensors are on ω1 ×

(
n+ 1

2

)
T for any n ∈ N.

∂ty −∆y = 0 in Ω× (0,+∞) \{(N + 1)T} ,
y = 0 on ∂Ω× (0,+∞) ,

y (·, 0) = y0 in Ω ,
∀n ∈ N

y (·, (n+ 1)T ) = y (·, (n+ 1)T−) + χωF
(
y|ω1×{(n+ 1

2)T}
)

,

‖y (·, t)‖L2(Ω) ≤ Ce−γt ‖y0‖L2(Ω) and ‖F‖ ≤ CeCγ
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Impulse Stabilization: Aim of fast decay

∀γ > 0 ∃F : L2 (ω1)→ L2 (ω) ∀y0 ∈ L2 (Ω)

∂ty −∆y = 0 in Ω× (0,+∞) \{(N + 1)T} ,
y = 0 on ∂Ω× (0,+∞) ,

y (·, 0) = y0 in Ω ,
∀n ∈ N

y (·, (n+ 1)T ) = y (·, (n+ 1)T−) + χωF
(
y|ω1×{(n+ 1

2)T}
)

,

‖y (·, t)‖L2(Ω) ≤ Ce−γt ‖y0‖L2(Ω) and ‖F‖ ≤ CeCγ
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Impulse Stabilization: Main result

∀γ > 0 ∃F : L2 (ω1)→ L2 (ω) ∀y0 ∈ L2 (Ω)

∂ty −∆y =
∑
n∈N

δ(n+1)T ⊗ χωF
(
y|ω1×{(n+ 1

2)T}
)
,

y = 0 on ∂Ω× (0,+∞) ,
y (·, 0) = y0 in Ω ,

‖y (·, t)‖L2(Ω) ≤ Ce−γt ‖y0‖L2(Ω) and ‖F‖ ≤ CeCγ
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Strategy

To have in mind that for the model wave equation

Observability estimate ⇐⇒ Controllability

⇐⇒ Stabilization =⇒ Inverse Source
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Observation at one point in time

Ω smooth bounded domain in Rd, ω non-empty open subset of Ω
∂tu−∆u = 0 in Ω× (0, T ) ,

u = 0 on ∂Ω× (0, T ) ,
u (·, 0) = u0 ∈ L2 (Ω) ,

OPT : ‖u (·, T )‖L2(Ω) ≤ e
C(1+ 1

T ) ‖u (·, T )‖θL2(ω) ‖u0‖1−θL2(Ω)
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Plan of the talk

Proof of Observation estimates at one point in time :
* by Lebeau-Robbiano estimate of Sum of Eigenfunctions;
* by Log Convexity method and Frequency Function.

Applications :
* Impulse Stabilization for heat equations where input and

output have different localizations;
* Observation of solutions of the Neutron Transport Equation

in the diffusion limit.
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Remark 1

OPT =⇒ Observability estimate

OPT ⇐⇒ LR
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Lebeau-Robbiano sum of eigenfunctions: (Reference:
Jerison-Lebeau (1996)){

−∆ei = λiei in Ω ,
ei ∈ H1

0 (Ω) , 0 < λ1 < λ2 ≤ · · · ≤ λN ≤ · · · .

LR :

∑
λi≤λ
|ai|2 ≤ CeC

√
λ

∫
ω

∣∣∣∣∣ ∑λi≤λ aiei (x)

∣∣∣∣∣
2

dx

OPT⇒LR :Take u0 =
∑
λi≤λ

aie
λiT ei and minimize w.r.t. T .

LR⇒OPT ∀θ :Take u0 =
∑
λi≤λ

aiei +
∑
λi>λ

aiei and use decay∥∥∥∥∥eT∆
∑
λi>λ

aiei

∥∥∥∥∥
L2(Ω)

≤ e−λT ‖u0‖L2(Ω) and optimize w.r.t. λ.
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Log convexity

‖u (·, t)‖L2(Ω) ≤ ‖u (·, T )‖t/T
L2(Ω)

‖u0‖1−t/TL2(Ω)

because t 7→
∫

Ω |u (x, t)|2 dx is log convex. Now
t 7→ Φ (t) =

∫
Ω |u (x, t)|2G~ (x, t) dx is log convex in the sense

G~ (x, t) = 1

(T−t+~)d/2
e
− |x−x0|

2

4(T−t+~) and N (t) =
∫
Ω|∇u(x,t)|2G~(x,t)dx

Φ(t)
1
2Φ′ +NΦ = 0 and N ′ ≤ 1

T−t+~N

=⇒ Φ (t2) ≤ Φ (t3)
1

1+α Φ (t1)
α

1+α

Here, ~ is a small parameter.
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Remark 2 : Advantages of Log convexity

1. One can replace ∂t −∆ by ∂t−div(a (x, t)∇·)
2. One can replace ∂t −∆ by ∂t −∆ + a (x, t)
3. Sum of eigenfunction estimate for Schroedinger operator
−∆ + a (x) for λ large

∑
λi≤λ
|ai|2 ≤ Ce

C
(

1+‖a‖2/3
L∞(Ω)

+
√
λ
) ∫

ω

∣∣∣∣∣ ∑λi≤λ aiei (x)

∣∣∣∣∣
2

dx
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Remark 3 : Explicit constant wrt geometry

When Ω is convex bounded in Rd and ω = {|x− x0| < R} ⊂ Ω,
then for any u0 ∈ L2 (Ω),T > 0, (ai)i≥1 ∈ R, λ ≥ 1, ε ∈ (0, 1),

∥∥eT∆u0

∥∥
L2(Ω)

≤ 1
Rd+ε(d−2) e

C
T

1
R6ε

∫ T

0

∥∥et∆u0

∥∥
L2(ω)

dt

∥∥∥∥∥ ∑λi≤λ aiei
∥∥∥∥∥
L2(Ω)

≤ 1
Rd(1+ε) e

C
√
λ 1
R2ε

∥∥∥∥∥ ∑λi≤λ aiei
∥∥∥∥∥
L2(ω)
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Application 1 : Pulse Control and Cost
∀T1 < T2 < T3 ∀ε > 0 ∀ye ∈ L2 (Ω) ∃f ∈ L2 (Ω)

∂ty −∆y = 0 in Ω× (T1, T3) \{T2} ,
y = 0 on ∂Ω× (T1, T3) ,

y (·, T1) = ye in Ω ,
y (·, T2) = y (·, T2−) + χωf in Ω ,

yg = y (·, T3) in Ω ,

‖f‖L2(Ω) ≤
C
εγ ‖ye‖L2(Ω) and ‖yg‖L2(Ω) ≤ ε ‖ye‖L2(Ω)

Minimize J (ϕ0) = cost
2

∫
ω |ϕ (x, T3 + T1 − T2)|2 dx

+ ε
2

∫
Ω |ϕ0 (x)|2 dx−

∫
Ω ye (x)ϕ (x, T3) dx



I: Heat equation II: Observation in one point in time III: Applications to OPT IV: Fast decay V: RTE

Application 2 : Pulse Control of eigenfunctions

∀T1 < T2 < T3 ∀ε > 0 ∀i ∃fi ∈ L2 (Ω)
∂ty −∆y = 0 in Ω× (T1, T3) \{T2} ,

y = 0 on ∂Ω× (T1, T3) ,
y (·, T1) = ei in Ω ,

y (·, T2) = y (·, T2−) + χωfi in Ω ,
ygi = y (·, T3) in Ω ,

‖fi‖L2(Ω) ≤
C
εγ and ‖ygi‖L2(Ω) ≤ ε
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Application 3 : Pulse Control of a sum of eigenfunctions
∀T1 < T2 < T3 ∀ε > 0 ∀i ∀ai ∃fi ∈ L2 (Ω)

∂ty −∆y = 0 in Ω× (T1, T3) \{T2} ,
y = 0 on ∂Ω× (T1, T3) ,

y (·, T1) =
M∑
i=1

aiei in Ω ,

y (·, T2) = y (·, T2−) + χω
M∑
i=1

aifi in Ω ,

M∑
i=1

aiygi = y (·, T3) in Ω ,

∥∥∥∥M∑
i=1

aifi

∥∥∥∥
L2(Ω)

≤ C
εγ ‖(ai)‖`2 and ‖y (·, T3)‖L2(Ω) ≤ ε ‖(ai)‖`2



I: Heat equation II: Observation in one point in time III: Applications to OPT IV: Fast decay V: RTE

Application 4 : Inverse Pulse Source problem (i.e. find ai)
∂tu−∆u = 0 in Ω× (T1, T3) ,

u = 0 on ∂Ω× (T1, T3) ,
u (·, T1) =

∑
i≥1

aiei is unknown but in L2 (Ω) .

We know u on ω × {τ} , then ∀i ∃f̂i ∈ L2 (Ω) with∥∥∥f̂i∥∥∥
L2(Ω)

≤ C
εγ

∣∣∣∣ai + e(T3−T1)λi

∫
ω
f̂i (x)u (x, τ) dx

∣∣∣∣ ≤ εe(T3−T1)λi ‖(ai)‖`2

Choose f̂i the impulse control at time T2 = T3 + T1 − τ associated
to the inital data the eigenfunction ye = ei
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Application 5 : Output Fast Impulse Stabilization

∀γ > 0 ∃Fγ : L2 (ω1)→ L2 (ω) ∀y0 ∈ L2 (Ω)

∂ty −∆y = 0 in Ω× (0,+∞) \{(N + 1)T} ,
y = 0 on ∂Ω× (0,+∞) ,

y (·, 0) = y0 in Ω ,
∀n ∈ N

y (·, (n+ 1)T ) = y (·, (n+ 1)T−) + χωFγ
(
y|ω1×{(n+ 1

2)T}
)

,

‖y (·, t)‖L2(Ω) ≤ Ce−γt ‖y0‖L2(Ω) and ‖Fγ‖ ≤ CeCγ
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Ideas of proof
Set Ln = nT + 1

4T . Suppose y (·, Ln) =
∑
i≥1

aiei. Since

we know y on ω1 ×
{
nT + 1

2T
}
, we get by Inverse Pulse Source

∣∣∣∣ai + e(T3−T1)λi

∫
ω1

f̂i (x) y
(
x,
(
n+ 1

2

)
T
)
dx

∣∣∣∣ ≤ εeT2 λi ‖(ai)‖`2
with T1 = Ln and T3 = nT + 3

4T

Next we use Pulse Control at time (n+ 1)T with

F (z) =
M∑
i=1
−e

T
2
λi

∫
ω1

f̂i (x) z (x) dx fi|ω in order

‖y (·, Ln+1)‖L2(Ω) ≤ e−γT ‖y (·, Ln)‖L2(Ω)
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Radiative transfert equation

Γ− =
{

(x, v) ∈ ∂Ω× Sd−1; v · nx < 0
}
,

Sf=f − 1

|Sd−1|

∫
Sd−1

fdv = f − 〈f〉 or S= −1
d−1∆Sd−1


∂tfε +

1

ε
v · ∇fε +

1

ε2
Sfε = 0 in Ω× Sd−1 × (0, T ) ,

fε = 0 in Γ− × (0, T ) ,
fε (x, v, 0) = f in (x, v) for (x, v) ∈ Ω× Sd−1 .

〈fε〉 → u when ε→ 0


∂tu− 1

d∆u = 0 in Ω× (0, T ) ,
u = 0 on ∂Ω× (0, T ) ,

u (·, 0) =
〈
f in
〉

in Ω .
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Approximation diffusion

Hilbert expansion : ∀f in ∈ H1
0 (Ω) with f in =

〈
f in
〉

‖fε (·, ·, T )− u (·, T )‖L2(Ω×Sd−1) ≤
√
εC
∥∥f in∥∥

H1
0 (Ω)

Moment method : ∀p > 2 ∀f in ∈ L2p
(
Ω× Sd−1

)
‖〈fε〉 (·, T )− u (·, T )‖H−1(Ω) ≤ ε

1
2pC (T, p)

∥∥f in∥∥
L2p(Ω×Sd−1)
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Main result

∀p > 2 ∀f in ∈ L2p
(
Ω× Sd−1

)
let σ

(
f in
)

= c

[
1 + 1

T + T
‖〈f in〉‖2

L2(Ω)

‖〈f in〉‖2
H−1(Ω)

]
and R

(
f in
)

= Cp

(
1 + T

p−1
2p

) ‖f in‖
L2p(Ω×Sd−1)

‖〈f in〉‖L2(Ω)
eσ(f

in)

then

[
1− ε

1
2pR

(
f in
)] ∥∥〈f in〉∥∥

L2(Ω)
≤ eσ(f in) ‖〈fε〉 (·, T )‖L2(ω)
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Thank You
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