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Setting

Ω2 ⊂ Ω1 ⊂ Rd

Ω2: purely elastic material. Ω1: thermoviscoelastic material.

utt + E1u+βE1ut +∇θ = 0 in Ω1 × (0,∞), (1)

θt −∆θ + div ut = 0 in Ω1 × (0,∞), (2)

ρ2vtt + E2u = 0 in Ω2 × (0,∞), (3)

where
Ej := −µj∆− (µj + δj)∇ div , j = 1, 2.
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Setting

Transmission conditions on the interface Γ1 = ∂Ω2:

u = v on Γ1 × (0,∞), (4)

∂E1
ν u+ θ ν + β∂E1

ν ut = ∂E2
ν v on Γ1 × (0,∞), (5)

where
∂
Ej
ν = −µj∂ν − (µj + δj)ν div ,

and
∂ν = ν∇.
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Setting

Additional boundary conditions on Γ1 and on Γ0 = ∂Ω1 \ Γ1:

u = 0, θ = 0 on Γ0 × (0,∞), (6)

∂νθ = 0 on Γ1 × (0,∞). (7)

Initial conditions,

u(·, 0) = u0, ut(·, 0) = u1, θ(·, 0) = θ0 in Ω1, (8)

v(·, 0) = v0, vt(·, 0) = v1 in Ω2. (9)
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Comparison

Results hold if the elastic operator E1 is replaced by the scalar
Laplace operator.

Exponential stability is given if

The Kelvin-Voigt damping β∆ut is replaced by βut, or

the wave equation utt − uxx − βuxxt is replaced by
utt + uxxxx + uxxxxt, i.e., E1 is replaced by ∂4

x.
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Applications

Applications are given for the optimal design of materials in
creating damping effects in
– noise reduction in cars and airplanes,
– bridges.
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Well-posedness

W := (u, v, ut, vt, θ)
′

leads to a semigroup

S(t) = eAt, t ≥ 0,

on the Hilbert space

H = { (u, v) ∈
(
H1(Ω1)

)d × (H1(Ω2)
)d |u = 0 on Γ0,

u = v on Γ1} ×
(
L2(Ω1)

)d × (L2(Ω2)
)d × L2(Ω1).

A is dissipative.
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Theorem

Theorem(
eAt
)
t≥0

is not exponentially stable.

Idea of the proof:

Consider a related semigroup

S0(t) = eA0t with essential radius ress(S0) ≥ 1.

Show for t0 > 0:

S(t0)− S0(t0) is compact.

Then
ress(S) = ress(S0) ≥ 1.

Then S(t) ≥ 1.
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Weyl’s theorem

Background: Weyl’s theorem on compact perturbations of
essential spectra:

B1 −B2 compact =⇒ σess(B1) = σess(B2).
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General case

∅ * H2 ⊂ H1

Hilbert spaces.
P : H1 −→ H2

orthogonal projection.

Sj = (Sj(t))t≥0

C0-semigroup on Hj , for j = 1, 2.

Assumption CP: There is t0 > 0 such that for t ≥ t0 we have
(i) ress(S2(t)) ≥ 1,
(ii) S1(t)− S2(t) : H2 −→ H1 is compact.
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General case

Theorem

If Assumption CP holds, S1 is not exponentially stable.

Proof:

1 ≤ ress(S2(t)P ) = ress(S1(t)P ) ≤ ‖S1(t)P‖H1

≤ ‖S1(t)‖H1 .

�
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Associated semigroup S0

ũtt + E1ũ+ βE1ũt +∇θ̃ = 0 in Ω1 × (0,∞), (10)

θ̃t −∆θ̃ + div ũt = 0 in Ω1 × (0,∞), (11)

with boundary conditions

ũ = 0, θ̃ = 0 on (Γ0 ∪ Γ1)× (0,∞), (12)

as well as
ṽtt + E2ṽ = 0 in Ω2 × (0,∞), (13)

with boundary conditions

ṽ = 0 on Γ1 × (0,∞), (14)

plus initial conditions.
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Associated semigroup S0

This uncoupled system defines S0 resp. A0 on the Hilbert space

H0 :=
(
H1

0 (Ω1)
)d×(H1

0 (Ω2)
)d×(L2(Ω1)

)d×(L2(Ω2)
)d×L2(Ω1).

It is energy conserving in the v-variable, hence ress(S0) ≥ 1.
Choose

H1 := H, H2 := ({0})d ×
(
H1

0 (Ω2)
)d × ({0})d ×

(
L2(Ω2)

)d × {0}
and

S1 := S, S2 := S0/H2
.

Previous theorem applies. Prove compactness!
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Compactness

Use

Lemma

wtt + E2w = f in Ω1 × (0, T ),

and
w = 0 on Γ1 × (0, T ).

implies∫ T

0

∫
Γ1

|∂νw|2 + |divw|2 do ds ≤

CT

(∫ T

0

∫
Ω2

|wt|2 + |∇w|2 + |f |2 dx ds +∫
Ω2

|wt(·, 0)|2 + |∇w(·, 0)|2 dx
)
.
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Strong stability

Theorem

∀ Φ0 ∈ H : eAtφ0 → 0 as t→∞.

Proof: Show
iR ⊂ ρ(A)

by contradiction. Use: Unique continuation principle for
isotropic elasticity.



Introduction Well-posed Non-exponential Strong Polynomial Remarks

Polynomial stability

Theorem

The semigroup
(
etA
)
t≥0

decays polynomially of order at least 1
3 ,

i.e.
∃C > 0 ∃ t0 > 0 ∀ t ≥ t0 ∀Φ0 ∈ D(A) :

‖etAΦ0‖H ≤ C t−
1
3 ‖AΦ0‖H.
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Steps of the proof

Lemma

The following characterizations (15) and (16), for a semigroup
in a Hilbert space H1 with generator A1, are equivalent, where
the parameters α, β ≥ 0 are fixed:

∃C > 0 ∃λ0 > 0 ∀λ ∈ Re, |λ| ≥ λ0 ∀F ∈ D(Aα1 ) :

‖ (iλ−A1)−1 F‖H ≤ C|λ|β‖Aα1F‖H, (15)

∃C > 0 ∃ t0 > 0 ∀ t ≥ t0 ∀Φ0 ∈ D(A1) :

‖etA1Φ0‖H ≤ C t−
1

α+β ‖A1Φ0‖H. (16)

It is shown that (15) holds with α = 1, β = 2.
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Steps of the proof

Let (iλ−A) Φ = F = (f1, f2, f3, f4, f5)′ ∈ D(A). Denoting
Φ = (u, v, U, V, θ)′:

iλu− U = f1, (17)

iλv − V = f2, (18)

iλU + E1u+ βE1U +∇θ = f3, (19)

iλV + E2v = f4, (20)

iλθ −∆θ + divU = f5. (21)
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Steps of the proof

Estimates for u, U, θ are easy because of the dissipativity. For
v, V : One needs to estimate normal and tangential derivatives
on Γ0.

It appears from the transmission conditions:

‖f2‖
H

3
2 (Γ1)

≤ C‖f2‖H2(Ω2) ≤ C‖AF‖H. (α = 1)

Powers of |λ| (β = 2) arise through the differential equations.
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Remarks

Results hold if the temperature is neglected or the
equations of elasticity are replaced by the wave equation.

The inverse of A is expected to be non-compact.
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