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Photo-Acoustic effect

» In diffusive regime, optical radiation (laser) is modeled by :

—V - Dy(x)Vu+ pa(x)u = 0 xeQ
u = g x € 00

» Acoustic propagation is modeled by :

Fole) — 2(x)Ap(x.t) = 0 xR teRy
p(x,0) = pa(x)u(x) x € R”
% (x,0) =0 x & R

» Measurements : p(x,t) x € 9Q,t e (0, T].



Photo-Acoustic : inversion

Inversion :

p(x,t) x€0Q,te (0, T] — (Da(x), na(x), c(x)), x € Q.



Photo-Acoustic : inversion

Inversion :
p(x,t) x€0Q,te (0, T] — (Da(x), na(x), c(x)), x € Q.
Two steps inversion :



Photo-Acoustic : inversion
Inversion :
p(x,t) x€0Q,te (0, T] — (Da(x), na(x), c(x)), x € Q.
Two steps inversion :

» Acoustic inversion (first step) :

p(x,t), xe€0Q,te (0, T] — f(x)=p(x,0),c(x), xe€Q,

where
825(:2(;) —c2(x)Ap(x,t) = 0 xR, tER,
p(x,0) = pa(x)u(x) x eR"
%(X, O) =0 x € R”



Photo-Acoustic : inversion

Inversion :
p(x,t) x€0Q,te (0, T] — (Da(x), na(x), c(x)), x € Q.
Two steps inversion :

» Acoustic inversion (first step) :

p(x,t), xe€0Q,te (0, T] — f(x)=p(x,0),c(x), xe€Q,

where
825(;,0 _ (;2(x)Ap(x7 t) = 0 xcR"te R,
p(x,0) = pa(x)u(x) x eR"
%(X, O) = 0 x € R"

» Optic inversion (second step) :
p(x,0) = pa(x)u(x), x€Q— (Ds(x),ua(x)), x€Q,

where
{ ~V - Dy(x)Vu + pa(x)u 0 xeQ

u = g x € 00



Photo-Acoustic : inversion
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Two steps : acoustic inversion and optic inversion
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Photo-Acoustic : the physicists point of view

Usually the physicists assume that c(x) is constant and stop at
the first step : why?
In fact the image p(x,0) = pa(x)u(x) has in general the same
singularities as 115(x).

Coefficients optiques

1= 001

> La, D, et c are piecewise constants.

o4t Dy=4

» Q=] —1,1[?> and measurements on o .
29 % (0, T).

> laser excitations : gi(x,y) = x + 4.
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Photo-Acoustic : the physicists point of view

The drawbacks of the physicists approach :

» the approach also fails to provide the correct values of the
absorption parameter.

» to distinguish between the singularities of the speed and the
initial pressure
Acoustic inversion with gi(x) and white noise of 5% :

Reconstruction avec vitesse constante

Reconstrustion aves vraie vitesse

position y (on)
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Photo-Acoustic : the mathematicians point of view

Most of the mathematical works reconstruct the speed-initial
pressure and the optical parameters separately.

» acoustic inversion : M. Bergounioux, P. Kuchment, L.
Kunyansky, L. Qian, P. Stefanov, G. Uhlmann, ...
- assuming the speed a constant, to determine the initial
pressure
- assuming the speed is known, to reconstruct the initial
pressure
- assuming the speed is close to a constant to recover the
perturbation in the speed and the initial pressure

» optic inversion : G. Alessandrini, S. Arridge, H. Ammari, G.
Bal, Y. Capdebosq, J. Schotland, O. Scherzer, Ber, K. Ren,...
- assuming the internal data without critical points to recover
the optical parameters
- weighted stability estimates and general cases without
assumption on the absence of critical points



Photo-Acoustic : the mathematicians point of view

acoustic inversion : Time Reversal -Neumann Series
Define A by Ap(x,0) = p(x, t)|aa

Pelet) _ 2(x)Av(x,t) = 0 xeQ,te(0,T)
v(x, T) = o7 x€Q
9v(x,T) =0 x €Q
v(x, t) = p(x,t) xe€dQ,te(0,T),
where
—A(,DT(X) =0 x € Q,
oT1(X) = p(x,T) x€dQ,

Define Ap(x, t)|aa = v(x,0), x € Q.

Theorem (Uhlmann-Stefanov)

Let Q be non-trapping, and assume T > Tg. Then AN = Id — K,
where K is a compact operator satisfying | K|| < 1.




Photo-Acoustic : the mathematicians point of view

optic inversion : Unique Continuation
Assume that

Hi) = m)u(x), xeQ j=1,2,

are given, where uj, j = 1,2, are the laser intensities generated by
two different illuminations gj,j =1, 2.

Theorem (Alessandrini 15)
If |Hj — Hjlli2(0) < & and ||Ds — Dyl (aq) < €', then
105 — Dalli2() + lita — Fallizga) < Cle +¢€')°,

where C and 6 € (0,1) do not depend on € and €'.
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Photo-Acoustic : the mathematicians point of view
The guidelines of the proof [G. Alessandrini and al. (2015)] :

> let V=02 = Z—f is a solution to [Bal-Uhlmann (2010)]
o(x)

——
-V [D.(x)?VV| = 0 xeQ

= 7 x € 0.

There exists C > 0 so that, for any 0,5 € &[G. Alessandrini
(1986)],

1o = #)ITV Pl < € (IV = Vi + o = dlli~om) ) -
> There exist C > 0 and ¢ > 0, so that, for any V € S,
Cre < ||VVHL2(B(XO,r))a Xp € Qr°7 0<r<n.

> u% is the solution to

{V~(UVW) = —H xeQ

w = g—ll x € Q.



Photo-Acoustic penetration depth
The main limitation of PA imaging is the limited penetration depth
when high resolution is desired.
For a resolution of < 1mm, only 5 ~ 6 cm-penetration can be
achieved.
FUJIFILM VisualSonics commercial products : photo-acoustic
penetration depth is lcm.
Nevertheless, PA imaging still provides excellent
penetration-to-resolution ratio.
Recall that the optical resolution can be achieved with a
penetration depth of only 1mm!

A photo-acoustic imaging device



Photo-Acoustic : a realistic model
-Let Q = (0, L) x (0, H) be the domain occupied by the sample.
- Let 'y, = (0,L) x {y = H} be the accessible part of the sample
and Ip = (0,L) x {y = 0}.
- Assume c¢(y) > ¢y > 0 to be a known smooth function that only
depends on the vertical variable y.
-Assume D,(y) > Do > 0 and pa(y) > po > 0 are smooth
functions that depend only on the vertical variable y.

y

aser illumination/transducers
\
H v v
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Photo-Acoustic : a realistic model

» The propagation of the optical wave in the sample is modeled
by the following diffusion equation

—=V - Da(y)Vu(x) + pa(y)u(x) =0 x € Q,

u(x) = g(x) X € [,
u(x)=0 x € lo,
u(0,y) = u(L,y) y € (0, H),

» The pressure wave p(x,t) generated by the photoacoustic
effect satisfies

Ouep(x, t) = c2(y)Ap(x, t) x€e€Q,t>0,
9up(x, t) + BOep(x,t) = 0 X €t >0,
p(x,t) =0 x €, t>0,
p((0,y),t) = p((L,y), t) y € (0,H),t >0,

p(x,0) = fo(x) = j(y)u(x), Bep(x,0) = i(x), xR,
where 3 > 0 is the damping coefficient related to the reflexion
by the transducers,

» Measurements : p(x,t) x €, te (0, T].



Photo-Acoustic : a realistic model

Notice that in the first model of photo-acoustic imaging fy(x) is
given by pa(y)u(x) and f; = 0 inside Q.

Here f1(x) is considered as the correction of the photo-acoustic
effect at the interface I, and is assumed to satisfy

Af(x) =0, x €€,

fi(x) = —%ayfo(X) x € m, 1)
fl(X) =0 x € I,

f(0,y) = A(L,y) y€(0,H).

Assume that c(y) is given, our objective is to reconstruct pi,(y)
and D(y) for y € (0, H) from the data p(x, t), x €, t € (0, T].

p(x,t), x €, t€(0,T] — (ualy), D(y)), y € (0, H).



Photo-Acoustic : a realistic model
Let

Om = {(D, ) € C3([0,H])* D > Do, u> poi |lullcz, [ID]c2 < M},

where Dy > 0, i9 > 0 and M > max(Do, o) are fixed real
constants.

Let wk(x), k € N, be the Fourier orthonormal real basis of L2(0, L)

satisfying —¢}/(y) = /\/2<90k()’)v with A\, = QkTﬂ

Let (D, it5), (D, fia) in Op and c(y) € W(0, H) with

0<cm<c2(y)andset 0 =+/|[c 2| .

Let ki, i = 1,2 be two distinct integers, and denote uy,, i = 1,2
and dy,, i = 1,2 the solutions to the system for g; = ¢y, i = 1,2,
with coefficients (D, p,) and (D, fi,) respectively.

Assume that D(H) = D(H), D'(H) = D'(H), and ki < ks, and ky
is large enough.



Theorem (Ren-T)

Then for T > 20H, 0, € (0,3) and 64 € (0, 55), there exist two

constants C,, C4 > 0, such that the following stability estimates hold.

H
/O o — fial(y)dy <

2 T 4,
Cu - o
< (;/0 (r_zeH * 5) 10epi = Oebillza(r, ) + 110xpi — OBl |

and

/0 1D — Bl(y)dy <

2 T Oy
Ci » .
C (;/0 (7’—29/—/ + 5) 10epi = O:Pilli2(r,) + 10xpi = Oxbilliz(r,)dt |

where

Coy = Held' @10, 6Nlds(c=2(1) 4+ g2).




Photo-Acoustic : the first step
Theorem (Ren-T)

Assume that c(y) € W1>°(0,1) with 0 < ¢ < c?(y). Let

0 =+/||c™?||Lc and T > 20H. Then

C T
2 2
[ 1v0oRax < (54 5) [ ot 0l
)
+ [ 10cpe, e,
0

C T
-2 2 2
[P < (- 8) [ 1ot Ol
T
[ 10nplx, Ol e
with

Cu = Helo' €2)10,(c72(Dlds (=2 ) 4 52),.




Photo-Acoustic : the first step

Since fj(x) is L-periodic in the y variable, it has the following
discrete Fourier decomposition

Do iek(x)  (xy) €Q,
keN

where o, (x), k € N, is the orthonormal real basis of L2(0, L).

The pressure is L-periodic in the y variable, it also has the following
discrete Fourier decomposition

Xya Zpk% Sok (va)€Q7t>Oa
keN

where pi(y, t) satisfy

% )attp()/a ) _8}’}’p( ) )‘ip(yv t)) ye (07 H)’t> Oa
ayp(H t)+ porp(H,t) =0 t>0,

p(0,t) =0 t >0,
p(y,0) = for(y), O:p(y,0) = fik(y), y € (0, H),



Lemma
Let 0 = +/|[c2||1~ and assume T > 20H. Then

H C T
2 S / 2
/\k/o [fo(y)["dy < <T—29/—/ +5> i |8:pi(H, t))2dt

)
2 /0 p(H, £) 2,

H
/0 2 () k()P + |l Py <

CM T 5 ) T )
(T—26H+5>/0 10:pic(H., 1) dt+>‘k/0 pi(H, t)[*dt,

for k € N*. )

The proof is based on techniques developed in R. Dager and E. Zuazua.
Wave propagation, observation and control in 1d flexible multi-structures.
Springer Science & Business Media, 2006.



Photo-Acoustic : the second step

Since u(x) is L-periodic in the y variable, it has the following
discrete Fourier decomposition

u(x,y) = D u)e(x)  (xy) €,

keN

where ¢ (x), k € N, is the orthonormal real basis of L2(0, L). The
real function ug(y) satisfies the following one dimensional elliptic
equation

{ —(D(y)d'(y)) + (1a(y) + \iD(y))u(y) =0 y € (0, H),
u(H) = gk, u(0) =0,

where gy is the Fourier coefficient of g in the same basis, that is

g(x) = ) awei(x)  xe(0,L).

keN



Photo-Acoustic : the second step

Let hi(y) = pa(y)uk(y),, and hi(y) = fia(y)iK(y), i =1,2.
Theorem (Ren-T)

For 6, € (0,%) and 64 € (0, %), there exist two constants C, > 0
and and C4 > 0 that only depends on (o, Do, k1, ko, M, L, H)
respectively such that the following stability estimates hold.

H . . 5,
| s =)y < € (I = Bulcs + b2 = Faler)

and

H . . . 54
|10 Bltndy < o (ll = Bulles + 2 = Feler)
0




Conclusion and remarks

We derived global stability estimates for the reconstruction of the
optical parameters from measurement of the acoustic waves on the
boundary.

The results show that the two steps of the inversion are stable if we
consider parameters that only depend on the vertical variable to the
boundary where the measurements are taken.

> to reconstruct also the speed c(y) (we need further
measurements).

> to generalize the results to dimension three (it can be reduced
to a 2D problem).

» to consider the case where [ is a function of x (supported at
the position of the transducers).

> to propose an algorithm that solve both inversions.



Thanks |



